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Abstract

The effect of nonlinearity on the evolution of free edge waves is investigated by solving numerically the nonlinear shallow
water equations. The numerical scheme is the two-dimensional WAF method, originally developed by Toro [Riemann Solvers
and Numerical Methods for Fluid Dynamics, Springer, 1997]. First, a simple beach geometry [J. Fluid Mech. 381 (1999) 271] is
considered and the numerical results are validated againstlaeadiaalytical solutions for small amplitude edge waves. Then,
results are obtained for edge waves of larger amplitude. Nonlinear effects are found to be relevant even for moderate values
of the nonlinearity parameter which is the ratio between the wave amplitude and the water depth. In particular a resonance
phenomenon has been observed which causes a modulation in time of the ultra-harmonic components of the wavefield. Larger
values ofa lead to a complex time evolution.

0 2004 Elsevier SAS. All rights reserved.

1. Introduction

The existence of edge waves in nature has been known for a long time. Field measurements show that low frequency edge
waves can form a significant portion of the energy spectrum in the nearshore region, especially when the bottom morphology is
characterized by the presence of 3-D morphological patterns like cusps, welded bars, crescentic forms [1,2].

As discussed in Mei [3], different mechanisms for edge wave generation on sloping beaches are possible.

Small-scale edge waves can be generated by short wind waves through a subharmonic resonance mechanism as discussed
by Guza and Davis [4], Guza and Bowen [5] and Minzoni and Whitham [6]. Medium-scale edge waves can be excited by a
long group of short swells approaching a beach through a nonlinear mechanism. Long edge waves can be excited by external
forcings such as wind stresses or uneven pressure distribugtated to storms traveling parallel to the coast. Moreover,
tsunami generated by an earthquake near the coastline cappedray the continental shelf and energetic coastal edge waves
are thus generated [7]. As a consequence the characteristic period of edge waves observed in the field ranges from seconds to
hours.

Several authors have suggested that edge waves may play an important role in many phenomena characterizing both the
hydrodynamics and the morphodynamics of the nearshore region. Bowen [8] and Bowen and Inman [9] discussed a mechanism
by which edge waves could control the longshore spacing of rip currents. Inman and Guza [10] showed that the interaction
between an incident monochromatic wave and edge waves produces a longshore periodic pattern in the swash water motion
which, in turn, is supposed to modify the morphology of the beach face. Also the periodic morphological features which are
located outside the breaker zone are often related to the presence of edge waves. For example, Holman and Bowen [11] showed
that the steady drift, generated by the nonlinear self interaction of edge waves inside the bottom boundary layer, can cause a net
displacement of the sediment and give rise to bottom patterns similar to those detected in the field. The trapping of edge waves
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on nearshore waveguides, such as bars and longshore currents, has been presented as a possible mechanism for the growth
and movement of longshore bars [12—14]. More recently Vittori ef1&]] have shown that a wave approaching the coast and
interacting with small bottom perturbations can produce synchronous edge waves. These edge waves subsequently interact with
the incoming wave and generate steady currents. This steady streaming induces a net sediment transport with a convergence
pattern that, depending on the geometry of the beach and on wave characteristics, may be in phase with the initial bedforms.
Hence, there may be a positive feedback between the watermatibthe erodible bottom which gives rise to a mechanism

able to trigger the appearance of alongshore periodic crescentic bedforms.

Analytical solutions for edge waves exist only for particular types of beach profile. Eckart [16] solved the shallow water
equations for a plane beach, while Ball [17] tackled the problem for a beach profile such that the water depth exponentially
tends to a constant value. While Eckart’s profile is appropriate to study edge waves in the surf region, Ball's profile has been
proposed to describe phenomena that involve waves that are trapped between the continental shelf and the deep-sea region
where the water depth can be assumed to be constant [7]. In Blondeali[18] an extension of Eckart’s solution is described
where a constant sloping beach delimited by a vertical wall is considered. The model beach introduced by Blondeaux et al. [18]
and later used by Vittori et al. [15] is particularly effective when attention is focused on medium scale edge waves characterized
by periods of the order of minutes, i.e. on water motions confined in the continental shelf but with a horizontal extent larger
than the surf region width. Indeed, when water motions characterized by a length scale larger than the surf region width are
considered, a comparison of actual sea bottom topographies with the beach profile proposed by Blondeaux et al. [18] (see the
second and third paragraphs) shows that the latter provides an approximation better than that obtained by means of Eckart’s [16]
profile.

All the investigations mentioned above are based on the linearized shallow water equations. The assumption of water depths
much smaller than the horizontal length scale of edge waves is well justified in the field. Indeed, even for the short edge waves
which are present in the surf region, the water depth is at least one order of magnitude smaller than the wavelength. However
on the basis of the results described in the following it can be inferred that the assumption of small amplitudes, which makes
nonlinear effects negligible, is not always appropriate.

Indeed, the present results suggest that the edge wave behavior departs from the linear regime as the nonlinearity parameter
a=a"/h{ (a* is the amplitude of the edge wave ahf the reference depth) assumes values of orde 1t particular,

whena attains values of order 1@, nonlinear effects induce an energy transfer among the different components of the edge
wave spectrum and a resonance phenomenon may take place. This resonance mechanism, presently studied by means of both
a weakly nonlinear analysis and a nunsatiapproach, leads to modulations oé tedge wave amplitude taking place on a

long time scale. These resonance effects should be relevant in the dynamics of the infra-gravity edge waves observed in the
field since existing data (a.fl9]) suggest that the total edge wave frequenaghas shoreline amplitudes of the order of

ten centimeters. While observations on open coastal beaches [19,20] show the existence of a broad-banded edge-wave field,
measurements on a narrow pocket beach [20] show that only a limited number of edge waves frequencies is present and that a
single edge wave attains amplitudes of the order of a few centimeters. Such values of the edge wave amplitude, combined with
water depths of the order of meters, give rise to values of the paramefarder 10°2.

Moreover, the analysis of Guza and Bowen [21] shows that the amplitude of edge waves generated by 2-D waves approaching
the nearshore region from the deep sea, depends on the amplitude of the incoming wavefield. Then, it is likely that field
conditions more severe than those observed by Oltman-Shay and Guza [I@;Ieanu}Haller et al. [20] generate edge waves
of larger amplitudes and give rise to values of the parametarger than 102. In such cases the present results show that
numerical approaches are needed to describe the nonlinear effects which affect edge wave dynamics and give rise to complex
interactions between different edge wave modes.

Strong nonlinear effects are also relevant when studying the dynamics of edge waves associated to tsunami propagation along
sloping coasts. In fact the obsations of Gonzales et al. [22liggest that edge waves of largmplitude could be generated
by relatively small earthquakes because of the resonant interactions of the tsunami wave with the bottom topography. Indeed
Gonzales et al. [22], far from the region of tsunami generation, observed edge wave amplitudes larger than those measured close
to the generation area.

The aim of the present paper is to investigate the role of nonlinear effects in the evolution of medium scale edge waves.
Because the presence of strong nonlinearities prevents the usdybicahaneans, in the present wothe numerical simulation
of the fully nonlinear shallow water equations is carried out. Attention is focused on the model beach suggested by Blondeaux
et al. [18] since it is the most appropriate to investigate medium scale edge waves. Moreover, a solution of the linearized
problem in analytical form is available and hence it is straightforward to estimate the relevance of nonlinear effects by
comparing the numerical results with the linear analytical figdi The numerical approach is based on the weighted average
flux method (WAF) originally developed by Toro [23]. The WAF method is a ‘shock capturing’ numerical scheme which
is particularly effective when studygy hydrodynamic phenomena with strong nonliftées. Unidimensional versions of this
numerical scheme have been successfully applied to descabe bveaking and run-up on aping beach [24]. Presently a
two-dimensional version of the method is applied which is similar to that described in Brocchini and Vittori [25] and Brocchini
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et al. [26]. The dynamics of edge waves fmall but finite amplitudes is investiged also by means of a weakly nonlinear
approach. In literature (see a.o. Mei)3Jeakly nonlinear approaches are used tocdbe the interaction of an incoming
wavefield with subharmonic edge waves. Guza and Bowen [5] studied the phenomenon on a planar beach obtaining the time
evolution of the amplitude of edge waves till equilibrium is attained, the set-down and the energy radiation toward the deep sea
region related to the presence of edge waves. More recentigdBaux and Vittorf27] have taken into account the interaction
between an incoming wavefield and edge waves of different frequencies showing the existence of a mechanism able to trigger
the formation of edge wave which are synchronous with respect to the frequency of the incoming wave. A weakly nonlinear
analysis has been applied by Kirby et al. [28] to investigate the triadic resonances between coastally-trapped gravity and vorticity
waves for a planar beach. Indeed, even thougtpthssibility of triadic interactions aong progressive edge waves was already
mentioned in literature [29], no calculations were provided. The results of Kirby et al. [28], who considered explicitly only cases
characterized by the absence of the longshore current and presented results for cases where shear waves are absent, allow the
time development of the edge wave amplitudes to be quantified. In particular Kirby et al. [28] show that, for triads of edge waves
involving counter-propagating waves, the interactions are fairly rapid while the triads involving only edge waves propagating in
the same direction did not show any interaction. However, as pointed out by Kirby et al. [28] themselves, the limitation of their
theory to the cases of waves on a planar beach topography is restrictive, particularly for medium and large scale edge waves and
their work needs to be extended to the case of non-planar topographies.

Presently, a weakly nonlinear approach is used to describe the interactions of different edge wave components on the model
beach introduced by Blondeaux et al. [18]. The case studied in detail is that of a standing edge wave of freqaeticy
wavenumbekq resonantly interacting with another standing edge wave characterized by a frequency eaqyal to and by
a wavenumber equal ta2, whereu is a small mismatch parameter. This resonance cannot occur on a plane beach (e.g. Kirby
et al. [28]) and this further supports the need to investigate more complex beach topographies. Although the numerical code,
by using appropriate initial and boundary cdahs, could describe the weakly nonlingaadic interactions investigated by
Kirby et al. [28], in the following such interactions will not be considered and attention will be focused only on standing edge
waves. Present results show the existeof modulations of the edge wave amydies which take place on a time scale much
longer than the period of edge waves and fairly compare with the numerical results.

It is important to point out that the analysis by Blondeaux aittbki [27], as well as previouaeakly nonlinear approaches,
are unable to provide the bounds of validity of the analyses themselves. In this respect the fully nonlinear approach adopted here
can be used also to detect when the nonlinear effects become strong and cannot be described by a weakly nonlinear analysis.

The procedure used in the rest of the paper is as follows. In the next section the problem is formulated and a brief description
of the numerical approach is given. In the third section the results are described.

Results are presented for moderate as well as large wave amplitudes such that nonlinear effects are weak and strong
respectively. As previously pointed out, in the weakly nonlinear regime, due to the interaction of different edge waves, the
obtained results show a modulation of the edge wave amplit@&iese this finding has never been reported in literature, to
support this numerical finding, a weakly nonlinear analysis, described in the third section, is developed. The agreement between
the theoretical results and the numerical ones provide further validation for the numerical code. The last section is devoted to
the conclusions and to the description of the possible developments of the work.

2. Formulation of the problem

Fig. 1 shows a sequence of beach profiles observed dueitrfieasurements carried out at the coast of Duck (North
Carolina) [30,31]. From Fig. 1 it can be appreciated that the region closest to the shore, of the order of 100 meters, is
characterized by a large slope which decreases moving in tekaoéf direction and becomes almost constant in the region
further offshore. As discussed in Vittori et al. [15], when wave motions of large wavelengths are considered, a model beach with
a constant slope cannot be assumed to describe field topographies, unless it is delimited by a vertical wall located somewhere
in the surf region (see Fig. 1If.this geometry is considered, the watepdth in still water conditions is described by

¥ = b+ Bx*. (1)

In (1) x* is the cross-shore coordinate such th&t= 0 is the location of the wall and is the bottom slope in the offshore
region (see Fig. 2). Of course the use of (1) implies that the swash and surf regions do not play a significant role in the dynamics
of the large scale motions. Moreover, transient phenomena of small scale, like storm-generated longshore bars, are neglected.
The two independent parameterg; (@nd 8) characterizing the model beach can be determined by fitting the observed field
profiles. For example, for the beach profiles shown in Fig. 1, it turns out that the optimized valh@amﬂﬂ are equal to
2.65mand 07 x 102 respectively, even though an analysis of the beach profiles at different locations can give rise to different
values. For example the data of Niigata and Tokai beaches [32] suggest valugslo$e to 2.5 m and values @f ranging
around 08 x 10~3 and the data of Lubiatowa beach [33] provide valuegifpclose to 2.1 m ang ranging around & 103
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Fig. 1. Some of the beach profiles observed at Duck (North Carolina) by Howd and Birkemeijer [30] and Lee and Birkemeijer [31] along with
the optimized beach geometryy=2.65 m, = 0.7 x 1072).

Fig. 2. Sketch of the problem.

Since attention is focused on edge waves of wavelength much larger than the surf region width, the model beach (1) is
adopted in the computations.

The comparison, shown in Fig. 3, between the first free edge wave mode on the model beach (1) [18] and that described in
Eckart [16] for a constant sloping beach shows that no signifidiffierences are present in the cross-shore edge wave profile.
The comparison has been performed considering beaches characterized by the saméle01) and edge waves with
the same longshore wavenumbgéi & Zn/LS", =129 x 1072 m~1). Moreover the vertical wall of the beach profile (1) is
located at a cross section such thit=2 m. However significant differences are found in the dispersion relationship. Indeed
for the selected wavenumber, the ratio between the frequency of the edge wave on the plane beach and that characterizing the
edge wave on the beach profile described by (1) is equal to about 1.9.

Here the shallow water equations are considered in dimensionless form. By denoting*whith angular frequency of the
dominant edge wave mode computed on the basis of the linear dispersion relationship described in the following (see Section 3)

and with g* the gravitational acceleration, the horizontal lengths are scaled Witth:j/»*, while the water depti* and

the free surface elevatiofi* are scaled with:j. Moreover the velocities are scaled witfg*Af, and the time with(w*) L.

It can be easily verified that in the dimensionless problem the beach geometry is identified by the dimensionless parameter
xy = w* [h{/(B+/¢¥). Dropping the * to indicate dimensionless quantities, the conservative form of the governing equations
becomes:

Ut + Fx + Gy = S(U); (2)



V. Galletta, G. Vittori / European Journal of Mechanics B/Fluids 23 (2004) 861-878 865

0.045 : : : : x x
0.04

0.035

0.03

0.025
20
0.015

0.01

0.005

0 L 1 T - L L
0 100 200 300 400 500 600 700

X* (m)

Fig. 3. Amplitude of the first free edge wave mode: — beach profile{t)~ 95 s); - - - beach profile with constant slope without a vertical
wall (T* ~ 177 s). ¢* = 1.29x 102 m™L, g =0.01, 4} =2 m).

whereU = (¢, ¢u, ¢v) is the vector of the unknowns related to tlmmserved qudities mass andhomentumF = (¢u, ¢u2 +

%qu, ¢uv) andG = (¢v, puv, ¢v2 + %¢2) are the fluxes of these quantities éBe- (0, ¢/, ¢hy) is the source term due to

the beach slope. In the previous definitighss equal toh + n, whereh andn are the dimensionless water depth and free
surface elevation respectively anéindv denote depth-averaged cross-shore and long-shore velocity components respectively.
Moreoverz, x, y indicate time, cross-shore and long-shore coordinates respectively and a subindex denotes partial derivative
(see Fig. 2).

The numerical scheme presently used to determine the solution of (2) is a high resolution conservative method based on
the solution of local Riemann problems. The method has been originally developed by Toro [23] and it is known under the
name of ‘weighted average flux method’ (WAF). Comparisons performed with the Lax—Wendroff scheme have shown that
the WAF method is particularly efficient and requires a smailember of collocation points to provide accurate results [34].
Moreover the adopted numerical scheme is particularly effective in reproducing the steepening of the waves and the formation
of discontinuities (bores) without theead for a special tracking algorithm.

Presently a two-dimensional version of the method is applied. In the following only the main aspects of the method will
be described. For details the reader is referred to Toro [23,35], Watson et al. [36] and Galletta [34]. First, following Watson et
al. [36], the problem is reformulated to incorporate the source &) into the flux terms  andG). This is obtained by
observing that the set of Egs. (2) in the accelerating reference frame

1 1
§=X——ghxl2, X:y——ghylz, T=t (3)
2 2
becomes
¢ it bo 0
s 202 4 152 Aan
(¢u) + | puc+59°¢ | + ( o, ) = (O) (4
pi/ pid ¢ 692+ 34%/ , \O
or with a compact notation
0‘[ +/F\§ +6X =0, (5)
where
(Z7=¢» iU =u— ghyt, lA)=v—ghyt. (6)

o~

Then, from the knowledge of the solutimtf} attimes" =nAr and in the point¢;, x;) (& =iAZ, xj = jAx), the value
of 0;}*1 is obtained using a space-operator splitting [35], whereby the two-dimensional problem is reduced to a sequence of
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one-dimensional problems. This is achieved by performing first-aweep thus obtaining an intermediate solutﬁm and
subsequently g -sweep [23]. At each sweep the WAF metho@jmplied to the one-dimensional problem

~ 5 Af roni1/2 entl)2
Uij =Vl + e Ficajz; —Fivajz, ) )
~ ~ At -~ ~
n+l_ 1. . n+1/2 n+1/2
Uij =Y+ A_X[ ij-12 =G j412) ®)
The intermediate fluxes at each cell midpdﬁl{frll/zzj, fl.":ll/zzj, (Asl"ﬁr/lz/z and Aln;ri/12/2 are estimated on the basis of the

solution of an initial value Riemann problem by means of the approximate ‘two rarefaction solver’. For the sake of brevity the
explicit relationships providing the fluxes are not given. The interested reader can find details in Toro [35], where an exhaustive
description of the approach is also given. To eliminate spurious oscillations, an adjustment is made to the fluxes, using an
approach known as Total Variation Diminishing (TVD) with the flux limiter SUPERAA [35] to reweight the average.

The inclusion of the source terBiinto the flux termsE andG) is made to avoid first order errors commonly encountered
when using simple time-operator splitting in the treatment of the sourceS@im The numerical approach is thus characterized
by errors of ordet(A;)z, (AX)Z. The equations are solved in a domain the width of which jsin the longshore direction
and which extends from = 0 to a cross-shore section located far away in the seaward direction. Periodicity is enforced
in the longshore direction. By changingetlnitial conditions, thisoboundary conditio allows to describe both propagating
and standing edge waves. At the offshore boundary (L), a transmissive boundary cdtidn is applied which acts as a
“transparent” boundary which allows waves to pass through (see[3@]). This is implement introducing two “fictitious”
points ati = M + 1, M 4+ 2 (M is the number of grid points in the-direction) and forcing

(@i, D)y = (@i, D)y,

(.0, D) pra2 = (b, i, D) pr—1.
At x = 0, a reflective boundary condition, which forces the normabeity to vanish, is appliedThe implementation of the
reflective boundary condition requirdgetintroduction of two fictitious points at= 0, —1 where it is forced:

(., D)o = (¢, —it, D)1,

(2, 0)—1 = ($, —it, D)2-

3. Discussion of theresults

A first set of results has been obtained in dimensionlesa tonsidering the model beach (1) characterized by 11.58,
a value of the parameter, which has been chosen on the basis of the analysis of many field data sets and by considering
edge wave periods of the order of minutes. At the beginning of the numerical simulation, a surface elevation periodic in the
long-shore direction has been introducetbrigieaux et al. [18] showed that, if oséanding edge wave of small amplitude is
considered, the free surface profile is described by

nx,y,H)=A e_k(x‘”"'x)U(d, 1, 2k(x + xw)) dkyton 4 ¢ o 9)

where A is related to the amplitude of the edge wave. The longshore wavenunibebtained, once,, andw are fixed, by
the eigenrelationship

U(d,1,2kxy) +2dU(d + 1, 2, 2kxyy) =0 (10)
with
de 1. _ wzxw
2 2k

In (9) and (10)U is the Kummer function [38]. Eq. (10) is satisfied by more than one caipte). Therefore, more edge wave
modes are possible for a specified valuaf In the following, for a given value ab, k denotes the value of the wavenumber
of the edge wave mode characterized by the largest wavelength. It is worth pointing out that, because of the chosen time scale,
the dimensionless frequency of the first (dominant) mode turns out to be equal to oneilg.

The initial edge wave has been chosen to be the ficgterand its dimensionledongshore wavelength,, is fixed by the
dispersion relationship (10). Fey, = 1158, Ly turns out to be equal to.87. Also the cross-shore decay of the initial surface
elevation has been fixed by means of the analytical solution by Blondeaux et al. [18]. Since standing edge waves are often
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Fig. 4. Time evolution of the free surface displacement at 0.31 andy = 3.49 for an initial perturbation characterized By, = 6.97,
a=18x10"3 (x,, = 1158).

observed both on pocket beaches and on infinitely long straigist&an the numerical simulations the initial velocity field is
forced to be zero. The forcing of an initial nonvanishingaflfield would have produced propagating edge waves [18,15].

The computational domain has been chosen with a longshore size equal to the edge wave wavelength. As already pointed
out, periode boundary conditions are forced in thealirection. Atx = 0 the cross-shore velocityis forced to vanish (reflective
boundary condition). Moreover in theass-shore direction, the siZe of the computational box has been chosen in such a way
that no significant motion is present at the seaward boundary15.44 ) and the boundargondition applié there does not
affect the solution. The number of grid points has been fixed on the basis of a series of preliminary runs to ensure the accuracy
of the results. In particular 2000 and 129 grid points have been used in the cross-shore and long-shore directions respectively.
The size of the numerical time step has been varied, while computing the solution, by fixing the maximum value of the Courant
number equal to 8.

To gain a deeper understanding on the effects of nonlinear terms on edge wave time evolution, the flow field provided by the
numerical simulation has been decomposed into Fourier harmonic components in the longshore direction by means of the FFT
algorithm:

400 )
(0, u,v) = Z (,](n) G, 1), ™ (x, 1), v (x, t)) dn@r/Ly)y (11)

n=—oo

In (11) @, ¥© andv©@ describe the values of the free surface elevation and of the two velocity components averaged in
the longshore direction, while®@, u™® and v describe the harmonics characterized by the same longshore wavelength as
the initial perturbation. The reader should note thatduse of the initial conditions, in the present simulatigfis, (™, v
turn out to have a vanishing imaginary part.

The analytical solution of the linearized problem for edge waves on the model beach (1) allows a comparison between the
numerical simulations and the theoretical results when nonlinear effects are small, i.e. for small (strictly “infinitesimal”) values
of the parametet, which gives a measure of the relevance of nonlinear effects. This comparison allows both a validation of the
numerical code and an evaluation of the range of validity of the linear regime.

The parameten already introduced in Section 1, is defined as the ratio betw&ewhich is the amplitude of the initial
edge wave, and the undisturbed water degjtboth evaluated at = 0. For small values oé (a less than about 1) only
the harmonics characterized hy= +1 in (11) attain significant values, even if longshore averaged and second harmonic
componentsi = 0, £2) are found but with an amplitude which is many ordersnagnitude smaller than that characterizing
the basic harmonic component £ +1). Fig. 4, where the free surface elevation at a fixed position near the shore is plotted
versus time fou equal to 18 x 103, shows that, as expected, the free surface experiences periodic oscillations of geriod 2

Even if nonlinear effects are so weak as to be considered itdgligom a practical point of view, they are present and are
reproduced by the numerical solution. Indeed an aspect of nonlinearity, which can be easily guessed on the basis of theoretical
considerations and it is reproduced by the numerical solution, is the presence of a two-dimensional wave which travels in the
offshore direction [3] and drains energy from the coastal region. As a consequence, the energy of the waves trapped close to
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Fig. 5. Time evolution of a free surface perturbation itiifigeriodic in the longshore direction and characterized.hy= 6.97,a = 1.7 x 1073
(xw = 11.58). In the figure both the numerical and the analytical results of the linearized problem are shown at different times (— numerical
solution, - - - analytical solution).

the coast decreases and the amplitude of the edge wave becomes smaller. Indeed a closer inspection of Fig. 4 shows a small
decay of the edge wave amplitude which is related to a small leak of energy related to the presence of the 2-D wave, which
propagates toward the deep water region. Tests have been made to ascertain that the amplitude decay shown in Fig. 4 is a
physical phenomenon and not a numerical effect. Indeed the results shown in Fig. 4 are independent on the grid size and time
step. A quantitative comparison betweer theoretical solution by Blondeaux et HI8] and the present numerical results is
shown in Fig. 5, where the cross-shore structure of the edge wave profile at the antinode locatélisfplotted at different
phases of the cycle. The comparison shows that (9) provides a good description of the solution for very small ¥alues of

As a is increased, nonlinear effects becomere relevant and the functions used to build up the initial conditions do not
satisfy the equations. Therefore an initial transient has been discarded in the analysis of the results.

3.1. Weakly nonlinear regime

For moderate values of the parameaiemore harmonic components are generated due to nonlinear effects. The presence
of harmonic components of smaller wavelength is apparent looking at the results of a run carried aut=Widil7, a value
which is one order of magnitude larger than that characteristic of the linear regime.

The time evolution of the first three longshore harmonic components defined by (11) is shown in Fig. 6. It can be observed
that the amplitude of the first harmonic does not appear to decay significantly. Indeed the amplitude of the outgoing wave is
still very small. Nevertheless nonlinearfegfts are not negligible angonlinearity causes the appeace of significant higher
harmonics in the flow field. Moreover a peculiar time evolution of the amplitude of the first two ultraharmonic components is
observed. Indeed after an initial transiea modulation of their amplitude appeaihe modulation is the result of a resonant
interaction between different edge wave modes. Indeed, in the following, it is shown that the modulation of the first two
components can be predicted also on the basis of a weakly nonlinear analysis.

The solution of the governing equations (2) in the weakly nonlinear regime can be expressed by the following perturbation
expansion based on the small parameter

(1, u, v) = a(no, u, vo) + a>(n1, u1, vy) + O(a3), (12)

where the symbol ‘O’ denotes order of magnitude. By substituting (12) into (2), a sequence of problems is obtained which
determine the flow field at the different orders of approximation. At)@he linearized problem is found:

Gl olugh d[voh
dno  dluohl | dlvohl _
ot ox dy

dug  dno
o T ox

0,

0,
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The solution of which is provided by (9). Let us consider the time evolution of an initial surface elevation obtained by the
superposition of four different edge wave modes:

(13)

no(x, z,1,7) = A1(v)fp1(x) expli(k1z + 1) ] + A1()fo1(x) expli (k1z — 1)]
+ A()fo2(x) expli (koz 4+ wat) ] + A2(t)Ho2(x) expli (kpz — wot)] + c.C. (14)
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ag = 0.044,k, = 0.7633. Results of the model equation (18) (a), (c) and numerigallations of the full shallow water equations (2) (b), (d).

where c.c. denotes complex conjugate ardar is a slow time scale characteristic of the growth of the edge waves amplitudes.
The first component is the fundamental edge wave mode with a period equaldaodwavenumber obtained by (10). The
second component describes an edge wave with the samaetdréstics as those of the first one, but traveling in the opposite
direction. We assume that the wavenumber of the third and fourth components is related to that of the first one by:

ko = 2k1q.

(15)

The dispersion relationship (10) gives the value of the angular frequendican be easily checked that it is feasible to assume

wr=2+au,

wherep is a detuning parameter. The problem at ordé&r?pturns out to be:

gm | dlhugl | olhval __ dluonol _ dlvomol _ 9mo
ot ax ay ax ay

dui  ang aug dug  dug

o =ugS— v s

ot ax ox ay aT

dvy  anp avg dvg  dvg

o, T o, = TUOL T Voo T 4

ot ay ax ay ks

at

(16)

17

The homogeneous part of (17) is the same as (13) and admits a non-trivial solution. Moreover the forcing terms in the
right-hand side of (17) reproduce the spatial and temporal structure of the solution of the homogeneous problem because of
(15) and (16). Hence, to avoid a secular growth of the smhyjtit is necessary to force a sability condition (described
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more extensively in the Appendix) which leads to a system of differential equations describing the time evolutigm)of
andAx(1):

dA —
aod_rl +a1AA1€HT =0,

boﬂ +biAZeT T —0, (18)
dr

In (18) an overbar denotes the complex conjugate of a complex quantity.

The form of the coefficientag, bg, a1 andbq, which depend on the beach parametgr is given in the Appendix. The
system of ordinary differential equations (18) is presently solved numerically by means of a Runge—Kutta approach of the
second order.

Fig. 7 shows the typical time evolution of; and A, obtained by both the integration of (18) and by the numerical
simulation of the full shallow water equations (2). The agreement between the theoretical and numerical results is fair. Indeed the
modulation of the second harmonic component, obtained by means of the theoretical analysis, takes place with the same period
as that of the numerical simulations and with similar amplitudes. Moreover, the amplitude of the first harmonic component
keeps almost constant, even though the numerical solutidmaisacterized by small oscitians which appear to be random.

These oscillations are due to the presence of many harmonijsartents which are generatedtiire fully nonlirear solution and

interact in a complex way. A theoretical investigation of the nonlinear interaction of different edge wave components similar to
that developed in the present paper hasrbproposed by Blondeaux anitbfti [27] for a constant slping beach. They showed

that the different longshore components exchange energy with each other on a time scale which is much longer than the edge
wave period and modulations of? andn® are expected to take place forced by an incoming wave. However in Blondeaux
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Fig. 9. Time evolution of a free surface perturbation itigigeriodic in the longshore direction and characterized.hy= 6.97,a = 1.7 x 1071
(xw = 1158): (a)t = 3142, (b)t = 32.27, (c)¢ = 33.12, (d)r = 33.97.

and Vittori [27] the amplitude of the different harmonics grows because the wave which approaches the coastline from the deep
water region provides an energy input to the whole system.

It has been possible to integrate the system (18) numerically only for beaches characterized by moderatexyablies tof
the difficulties encountered to compute the Kummer functiomppearing in (9) when,, assumes large values. A series of runs
performed varying the non-dimensional @areters and the initial conditions has shawat the frequency of the modulation of
the amplitude ofA1 and A, is linearly related to the detuning parameterAs the parameter,, is increased, the period of the
modulation of bothA; and A2 and the amplitude of the modulation of the second component increases while thatloés
not show a distinct tendency.

3.2. Fully nonlinear regime

The resonance phenomenon previously described disappeais exreased, since for larger valuesaofany harmonics
are generated by nonlinear effects and interact ioraptex way. An example of the results obtained doe 0.17 is shown
in Fig. 8, where the values of™ are plotted versus time for =1, 2, 3 and 4. From the results plotted in Fig. 8, it can be
appreciated that the decay in time of the first componéhttakes place quite rapidly. This decay can be partly ascribed to the
generation of a two-dimensional outgoing wave which causes the radiation of energy toward the deep water region to become
significant (see Fig. 13). A further mechanism which can cause a drain of the edge wave energy is the formation of a steep
front (bore) which induces energy dissipation. Fig. 8 shows that after 5 periods, the amplitude of the first component of the
edge wave is reduced of approximately 40%. Hence, edge waves of large amplitude cannot survive without a continuous supply
of energy. As clearly discussed in theok of Mei [3], edge waves of constant gplitude can exist only when a 2-D wave,
approaching the cotiime from the deep water region, transfereggy to them. Ultraharmonic componenté) (n > 1), after
an initial transient, slowly decay because the energy of the whole system decreases. It has been observed that at the end of the
simulation ¢ = 5T), n(2) attains a value which is approximately 30% of the initial amplitude of the disturbance. The harmonic
components with smaller longshore wavedéh have amplitudes of the same order @fgmitude (the 6th component attains a
value which is approximately 10% of the alityppde of initial disturbance) thus inditiag the relevance of nonlinear effects.
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Fig. 10. Time evolution of a free safe perturbation characterized by = 6.97,ag = 1.7 x 101 (x,, = 1158). First column, free surface
gradient; second column, cross-shore velocity; third column, Itwagesvelocity. A cross-shore extent equal to 15.44 is displayed in the
horizontal axis while the longshore extent is equal to 6.97 and displayéukivertical axis. Shaded regions are characterized by positive
values. (al) max 8.203, min= 0.432, A = 0.389; (a2) max= 8.203, min= 0.432, A = 0.389; (a3) max= 8.203, min= 0.432, A = 0.389;

(a4) max= 8.203, min= 0.432, A = 0.389; (b1) max= 0.018, min= —0.006, A = 0.001; (b2) max= 0.024, min= —0.017, A = 0.002;

(b3) max= 0.052, min= —0.019, A = 0.004; (b4) max= 0.022, min= —0.013, A = 0.002; (c1) max= 0.129, min= —0.129, A = 0.011,

(c2) max= 0.184, min= —0.184, A = 0.017; (c3) max=0.221, min= —0.221, A = 0.020; (c4) max= 0.100, min= —0.100, A = 0.009.

The relevance of nonlinear effects is also revealed by the inspection of the longshore edge wave profile which is no longer
symmetric with respect to the mean water level. In particular, each of the two edge waves, propagating in opposite directions
and giving rise to the steady edge wave, shows a front slope steeper than the rear one. As a consequence the presence of the
two components propagating in opposite directions becomes evident and large surface gradients are observed close to their
crests as clearly shown by Fig. 9. The propagating crests ¢has®rmation of jets in the cross-shore direction as can be
appreciated by looking at Fig. 10. The velocity field associated with the propagating crests shows the presence of regions of
strong negative cross-shore velocity close to the wave fronts (see the second column of Fig. 10). These regions follow the
fronts and, hence, propagate in opposite longshore directions. When the two fronts reach the center of the domain and meet,
a shore-ward jet of water is generated (see Fig. 10, b3). In the third column of Fig. 10 the longshore velocity is plotted. The
v component of velocity is positive behind the crest propagating in the positive direction and vice versa, to balance the mass
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Fig. 12. Dimensionless edge waves frequency vessios an initial perturbation characterized By, = 6.97 (x,, = 11.58).

flux associated to the propagation of the crests. Fig. 10 shows the time evolution of the solution during half edge wave cycle;
the same pattern is repeated during the following half of the cycle but shifted in the longshore direction of half the edge wave
length. Therefore shore-ward currents appear eVg@yalternatively ay = Ly/2,3Ly/2,5Ly/2,...,andy =0, Ly, 2Ly, ....
A similar conclusion is obtained by considering the time averaged velocity field. Fig. 11 shows the long-shore and cross-shore
velocity components averaged frame= 2T to r = 2T + T /2 for values of the parameters equal to those leading to the results
shown in Fig. 10. The results show that the averaged fluid motion is characterized by a shore-ward current in the middle of the
computational box and by sea-ward currents along the sides. The longshore velocity component is directed from the sides to the
center of the fluid domain. Qualitatively similar results are obtained performing the time average during the following half cycle
fromt =27 + T /2 tot = 3T . However, the flow pattern is shifted af, /2 in the longshore direction and shore-ward directed
currents are present at the sides of the flow domain while the steady cross-shore velocity component is directed off-shore in the
center of the computational box. Moreover due to the radiation of energy in the off-shore direction, the edge wave decay and
the currents during the following half cycle are weaker.

Another interesting finding which comes from the analysis of the results for moderate and large values of the parameter
is the dependence of the free mode frequency on the edge wave amplitude. For a constant sloping beach, without the vertical
wall, it is known that in the weakly nonlinear regime the linear dispersion relationship is modified by the presence of a term
proportional to the square of the edgewwamplitude [21]. Fig. 12 shows the frequency for the model beach (1) versus
obtained by means of the numerical simulations. Surprisingly it can be seen that, even for large valsieshathat nonlinear
effects are found to be relevant and generate the presence of many harmonic components, the edge waves period is almost
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Fig. 13. Free surface elevation averaged in the long-shore directisnsvére cross shore coordinate at two different phases, for an initial
perturbation characterized lag = 0.17. (Ly = 6.97, x,, = 11.58) — — — Set-down induced by free edge waves on a constant sloping beach
according to the analysis by Guza and Bowen [21] (edge wave wavelength equal to that of the numerical computations).
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Fig. 14. Time evolution of the free surface displacement at 0.31 andy = 3.49 for an initial perturbation characterized by = 0.17
(Ly =6.97,x, =1158) (solid line).

Envelope of the amplitude of the edge wave at the same location for a constant sloping beach without the verticaln@®7, 8 = 10—2)
according to the analytical solution by [21] (broken line).

independent om. Therefore it appears that even though the dynamics of the edge waves in the weakly and fully nonlinear
regimes is markedly different from that of the linear regime, the dispersion relationship appears to be practically unaffected.
For very small values of, the evaluation of the frequency becomes inaccurate with the number of grid points presently used.
This is the cause of the scatter of the frequency which is observed in Fig.dl&ads to vanish.

Nonlinear effects are also known to generate a set-down close to the beach. Surprisingly, a comparison between the present
results and those derived by the weakly nonlinear analyticaysisaby Guza and Bowen [21] performed for a constant sloping
beach (Eckart’s profile) characterized by the same valug biit without the vertical wall, has shown that the set-down on
the two beaches is similar (see Fig. 13) notwithstanding the different beach geometry and the large nonlinear effects. Also the
wave damping is similar (see Fig. 14). Indeed in the weakly nonlinear regime for a constant sloping beach without vertical
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wall, it is known [21], that the rate of decayf edge wave amplitude is proportional #6%-. Presently the presence of strong
nonlinear effects, which causes sharp peaks in the time evolution of surface elevation at a particular location, makes the visual
estimation of the decay difficult. However the trend of the wave amplitude envelope appears similar to that predicted by Guza
and Bowen [21] (see Fig. 14).

4. Conclusions

The shallow water equations are solved numerically by me&the WAF method on a model beach suitable to describe large
scale motions in the region offshore of the breakers’ line. Attention is focused on the free edge wave modes with periods of the
order of minutes or longer. The aim of the paper is to determine when nonlinear effects become relevant and to investigate when
the interaction among different harmonic components may lead to complex wavefield and to the generation of steady current
patterns difficult to predict by analytical means. A comparison between numerical findings and linear and weakly nonlinear
analytical solutions is presented.

Three regimes have been identified depending on the value of the nonlinearity paramétih is equal to the ratio
between the edge wave amplitude and the water depth at the pasitién In the linear regime, observed for very small values
of a, nonlinear effects are very weak and can thus be neglected. For moderate valuesrdinear effects cause the generation
of significant higher harmonic components and they induce@eexe phenomenon between the different components which
causes a modulation in time of their amplitude. In thiéy nonlinear regime, observed for large valuesupimany harmonic
components are present which interacainomplex way. Moreover, intermittent cunts directed in the cross-shore direction
have been observed.

For convenience, the results are presented and discussed in dimensionless form. To give an idea of the practical relevance
of the present computations, let us consider dimensional quantities. For an edge wave of period equal to 2 minutes on a model
beach (1) characterized Ity equal to about 2 meters agid= 2 x 10-3, on the basis of the present results, it can be stated that

the linear regime applies to edge waves characterized by amplitudes of the ordePahéters, the weakly nonlinear regime
to edge waves of amplitude of few centimeters while the solution of the full problem should be considered when the edge wave
amplitude becomes larger than 10 centimeters.

As discussed in the introduction, edgave amplitudes of the order of & m might appear to be unrealistic, since field
measurements (see a.o. Oltman-Shay and Guza [19]) seem to suggest values of GrderH6wever, it should be considered
that field measurements are usually carried out for mild wave climate and in open coasts. Edge waves generated by more severe
wave climate and in particular during storms are expected to be significantly larger. Moreover in pocket beaches, resonance
phenomena can induce even larger edge wave amplitudes.

The qualitative differences observed between the lineaakly nonlinear and fly nonlinear regimes suggest that caution
must be used to apply the results obtained by means of linear and weakly nonlinear analytical approaches to describe field cases
characterized by large amplitudes, since nonlinear effects might be relevant and some aspects of the phenomenon might not be
captured.

Appendix

At O(a?), the governing equations (17) can be combined to obtain a single equatipj for

Eo A ] o)
where
F= —28ﬂ + i[MO% + vo%] +h|:<%)2+uo 82140 @% + g 82u0 + %@ +ug 82v0
ardt  xy ox ay ox ax2 dx dy oxay dy 0x dxdy
2
+ (2—?) +vo aazyvzo} - %(Mono) - %(vono). (A2)

After substituting the solutiong, ug andvg of the problem at the previous order of approximatighcan be expressed in
the form:

dA i — 15 dA i i
F= [fl(x)d—rl +f2(0) e"“AzAl] D 4 [glmd—f + 82(x) e"*”A%] difarrenn 4., (A3)
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where f1, f2, g1 andgo are long expressions which can be easily worked out and are not given here for the sake of brevity. The
terms not explicitly indicated in (A3) are not relevant to wtte solvability condithn. Since the homogeneous part of Eq. (A1)
admits a nontrivial solution, Eq. (A1) has a bounded soluti@md only if a solvability conditia is enforced which leads to

dA o
aod—rl a1 @Mt ARAL =0,

dA ;

bo—l +b1e_"”A%=O, (A4)
dr

where

o o
a0=/f1(X)ﬁ01(X)dx, al=/f2(X)ﬁ01(X)dx,

Xw Xw
o o0
b0=/g1(X)ﬁoz(X)dx, b1=/g2(X)ﬁ02(X)dX~ (A5)
Xw Xw
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