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Nonlinear effects on edge wave development
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Abstract

The effect of nonlinearity on the evolution of free edge waves is investigated by solving numerically the nonlinear
water equations. The numerical scheme is the two-dimensional WAF method, originally developed by Toro [Riemann
and Numerical Methods for Fluid Dynamics, Springer, 1997]. First, a simple beach geometry [J. Fluid Mech. 381 (1999
considered and the numerical results are validated against available analytical solutions for small amplitude edge waves. Th
results are obtained for edge waves of larger amplitude. Nonlinear effects are found to be relevant even for modera
of the nonlinearity parametera which is the ratio between the wave amplitude and the water depth. In particular a reso
phenomenon has been observed which causes a modulation in time of the ultra-harmonic components of the wavefie
values ofa lead to a complex time evolution.
 2004 Elsevier SAS. All rights reserved.

1. Introduction

The existence of edge waves in nature has been known for a long time. Field measurements show that low freque
waves can form a significant portion of the energy spectrum in the nearshore region, especially when the bottom morp
characterized by the presence of 3-D morphological patterns like cusps, welded bars, crescentic forms [1,2].

As discussed in Mei [3], different mechanisms for edge wave generation on sloping beaches are possible.
Small-scale edge waves can be generated by short wind waves through a subharmonic resonance mechanism a

by Guza and Davis [4], Guza and Bowen [5] and Minzoni and Whitham [6]. Medium-scale edge waves can be exci
long group of short swells approaching a beach through a nonlinear mechanism. Long edge waves can be excited b
forcings such as wind stresses or uneven pressure distributionsrelated to storms traveling parallel to the coast. Moreo
tsunami generated by an earthquake near the coastline can be trapped by the continental shelf and energetic coastal edge w
are thus generated [7]. As a consequence the characteristic period of edge waves observed in the field ranges from
hours.

Several authors have suggested that edge waves may play an important role in many phenomena characterizin
hydrodynamics and the morphodynamics of the nearshore region. Bowen [8] and Bowen and Inman [9] discussed a m
by which edge waves could control the longshore spacing of rip currents. Inman and Guza [10] showed that the in
between an incident monochromatic wave and edge waves produces a longshore periodic pattern in the swash wa
which, in turn, is supposed to modify the morphology of the beach face. Also the periodic morphological features w
located outside the breaker zone are often related to the presence of edge waves. For example, Holman and Bowen [1
that the steady drift, generated by the nonlinear self interaction of edge waves inside the bottom boundary layer, can c
displacement of the sediment and give rise to bottom patterns similar to those detected in the field. The trapping of ed
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on nearshore waveguides, such as bars and longshore currents, has been presented as a possible mechanism for the growth
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and movement of longshore bars [12–14]. More recently Vittori et al. [15] have shown that a wave approaching the coast
interacting with small bottom perturbations can produce synchronous edge waves. These edge waves subsequently in
the incoming wave and generate steady currents. This steady streaming induces a net sediment transport with a co
pattern that, depending on the geometry of the beach and on wave characteristics, may be in phase with the initial
Hence, there may be a positive feedback between the water motion and the erodible bottom which gives rise to a mechan
able to trigger the appearance of alongshore periodic crescentic bedforms.

Analytical solutions for edge waves exist only for particular types of beach profile. Eckart [16] solved the shallow
equations for a plane beach, while Ball [17] tackled the problem for a beach profile such that the water depth expo
tends to a constant value. While Eckart’s profile is appropriate to study edge waves in the surf region, Ball’s profile h
proposed to describe phenomena that involve waves that are trapped between the continental shelf and the deep
where the water depth can be assumed to be constant [7]. In Blondeaux et al. [18] an extension of Eckart’s solution is describ
where a constant sloping beach delimited by a vertical wall is considered. The model beach introduced by Blondeaux
and later used by Vittori et al. [15] is particularly effective when attention is focused on medium scale edge waves char
by periods of the order of minutes, i.e. on water motions confined in the continental shelf but with a horizontal exten
than the surf region width. Indeed, when water motions characterized by a length scale larger than the surf region
considered, a comparison of actual sea bottom topographies with the beach profile proposed by Blondeaux et al. [18
second and third paragraphs) shows that the latter provides an approximation better than that obtained by means of Ec
profile.

All the investigations mentioned above are based on the linearized shallow water equations. The assumption of wa
much smaller than the horizontal length scale of edge waves is well justified in the field. Indeed, even for the short ed
which are present in the surf region, the water depth is at least one order of magnitude smaller than the wavelength.
on the basis of the results described in the following it can be inferred that the assumption of small amplitudes, whic
nonlinear effects negligible, is not always appropriate.

Indeed, the present results suggest that the edge wave behavior departs from the linear regime as the nonlinearity
a = a∗/h∗

0 (a∗ is the amplitude of the edge wave andh∗
0 the reference depth) assumes values of order 10−2. In particular,

whena attains values of order 10−2, nonlinear effects induce an energy transfer among the different components of th
wave spectrum and a resonance phenomenon may take place. This resonance mechanism, presently studied by me
a weakly nonlinear analysis and a numerical approach, leads to modulations of the edge wave amplitude taking place on
long time scale. These resonance effects should be relevant in the dynamics of the infra-gravity edge waves obser
field since existing data (a.o.[19]) suggest that the total edge wave frequency band has shoreline amplitudes of the order
ten centimeters. While observations on open coastal beaches [19,20] show the existence of a broad-banded edge-
measurements on a narrow pocket beach [20] show that only a limited number of edge waves frequencies is present
single edge wave attains amplitudes of the order of a few centimeters. Such values of the edge wave amplitude, comb
water depths of the order of meters, give rise to values of the parametera of order 10−2.

Moreover, the analysis of Guza and Bowen [21] shows that the amplitude of edge waves generated by 2-D waves ap
the nearshore region from the deep sea, depends on the amplitude of the incoming wavefield. Then, it is likely t
conditions more severe than those observed by Oltman-Shay and Guza [19] andŐzkan-Haller et al. [20] generate edge wav
of larger amplitudes and give rise to values of the parametera larger than 10−2. In such cases the present results show
numerical approaches are needed to describe the nonlinear effects which affect edge wave dynamics and give rise t
interactions between different edge wave modes.

Strong nonlinear effects are also relevant when studying the dynamics of edge waves associated to tsunami propag
sloping coasts. In fact the observations of Gonzales et al. [22] suggest that edge waves of largeamplitude could be generate
by relatively small earthquakes because of the resonant interactions of the tsunami wave with the bottom topograph
Gonzales et al. [22], far from the region of tsunami generation, observed edge wave amplitudes larger than those meas
to the generation area.

The aim of the present paper is to investigate the role of nonlinear effects in the evolution of medium scale edg
Because the presence of strong nonlinearities prevents the use of analytical means, in the present work the numerical simulation
of the fully nonlinear shallow water equations is carried out. Attention is focused on the model beach suggested by B
et al. [18] since it is the most appropriate to investigate medium scale edge waves. Moreover, a solution of the li
problem in analytical form is available and hence it is straightforward to estimate the relevance of nonlinear eff
comparing the numerical results with the linear analytical findings. The numerical approach is based on the weighted ave
flux method (WAF) originally developed by Toro [23]. The WAF method is a ‘shock capturing’ numerical scheme
is particularly effective when studying hydrodynamic phenomena with strong nonlinearities. Unidimensional versions of th
numerical scheme have been successfully applied to describe wave breaking and run-up on a sloping beach [24]. Presently
two-dimensional version of the method is applied which is similar to that described in Brocchini and Vittori [25] and Bro
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et al. [26]. The dynamics of edge waves forsmall but finite amplitudes is investigated also by means of a weakly nonlinear
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approach. In literature (see a.o. Mei [3]) weakly nonlinear approaches are used to describe the interaction of an incomin
wavefield with subharmonic edge waves. Guza and Bowen [5] studied the phenomenon on a planar beach obtainin
evolution of the amplitude of edge waves till equilibrium is attained, the set-down and the energy radiation toward the
region related to the presence of edge waves. More recently, Blondeaux and Vittori[27] have taken into account the interacti
between an incoming wavefield and edge waves of different frequencies showing the existence of a mechanism able
the formation of edge wave which are synchronous with respect to the frequency of the incoming wave. A weakly n
analysis has been applied by Kirby et al. [28] to investigate the triadic resonances between coastally-trapped gravity an
waves for a planar beach. Indeed, even though the possibility of triadic interactions among progressive edge waves was alrea
mentioned in literature [29], no calculations were provided. The results of Kirby et al. [28], who considered explicitly onl
characterized by the absence of the longshore current and presented results for cases where shear waves are abse
time development of the edge wave amplitudes to be quantified. In particular Kirby et al. [28] show that, for triads of edg
involving counter-propagating waves, the interactions are fairly rapid while the triads involving only edge waves propag
the same direction did not show any interaction. However, as pointed out by Kirby et al. [28] themselves, the limitation
theory to the cases of waves on a planar beach topography is restrictive, particularly for medium and large scale edge
their work needs to be extended to the case of non-planar topographies.

Presently, a weakly nonlinear approach is used to describe the interactions of different edge wave components on
beach introduced by Blondeaux et al. [18]. The case studied in detail is that of a standing edge wave of frequencσ and
wavenumberk1 resonantly interacting with another standing edge wave characterized by a frequency equal to 2σ1 + µ and by
a wavenumber equal to 2k1, whereµ is a small mismatch parameter. This resonance cannot occur on a plane beach (e.
et al. [28]) and this further supports the need to investigate more complex beach topographies. Although the numer
by using appropriate initial and boundary conditions, could describe the weakly nonlineartriadic interactions investigated b
Kirby et al. [28], in the following such interactions will not be considered and attention will be focused only on standin
waves. Present results show the existence of modulations of the edge wave amplitudes which take place on a time scale mu
longer than the period of edge waves and fairly compare with the numerical results.

It is important to point out that the analysis by Blondeaux and Vittori [27], as well as previousweakly nonlinear approache
are unable to provide the bounds of validity of the analyses themselves. In this respect the fully nonlinear approach ado
can be used also to detect when the nonlinear effects become strong and cannot be described by a weakly nonlinear

The procedure used in the rest of the paper is as follows. In the next section the problem is formulated and a brief de
of the numerical approach is given. In the third section the results are described.

Results are presented for moderate as well as large wave amplitudes such that nonlinear effects are weak a
respectively. As previously pointed out, in the weakly nonlinear regime, due to the interaction of different edge wa
obtained results show a modulation of the edge wave amplitudes.Since this finding has never been reported in literature
support this numerical finding, a weakly nonlinear analysis, described in the third section, is developed. The agreemen
the theoretical results and the numerical ones provide further validation for the numerical code. The last section is d
the conclusions and to the description of the possible developments of the work.

2. Formulation of the problem

Fig. 1 shows a sequence of beach profiles observed during field measurements carried out at the coast of Duck (N
Carolina) [30,31]. From Fig. 1 it can be appreciated that the region closest to the shore, of the order of 100 m
characterized by a large slope which decreases moving in the offshore direction and becomes almost constant in the re
further offshore. As discussed in Vittori et al. [15], when wave motions of large wavelengths are considered, a model be
a constant slope cannot be assumed to describe field topographies, unless it is delimited by a vertical wall located s
in the surf region (see Fig. 1).If this geometry is considered, the water depth in still water conditions is described by

h∗ = h∗
0 + βx∗. (1)

In (1) x∗ is the cross-shore coordinate such thatx∗ = 0 is the location of the wall andβ is the bottom slope in the offshor
region (see Fig. 2). Of course the use of (1) implies that the swash and surf regions do not play a significant role in the
of the large scale motions. Moreover, transient phenomena of small scale, like storm-generated longshore bars, are
The two independent parameters (h∗

0 andβ) characterizing the model beach can be determined by fitting the observed
profiles. For example, for the beach profiles shown in Fig. 1, it turns out that the optimized values ofh∗

0 andβ are equal to

2.65 m and 0.7× 10−2 respectively, even though an analysis of the beach profiles at different locations can give rise to d
values. For example the data of Niigata and Tokai beaches [32] suggest values ofh0 close to 2.5 m and values ofβ ranging
around 0.8× 10−3 and the data of Lubiatowa beach [33] provide values forh0 close to 2.1 m andβ ranging around 6× 10−3.
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Fig. 1. Some of the beach profiles observed at Duck (North Carolina) by Howd and Birkemeijer [30] and Lee and Birkemeijer [31] alo
the optimized beach geometry (h0=2.65 m,β = 0.7× 10−2).

Fig. 2. Sketch of the problem.

Since attention is focused on edge waves of wavelength much larger than the surf region width, the model bea
adopted in the computations.

The comparison, shown in Fig. 3, between the first free edge wave mode on the model beach (1) [18] and that de
Eckart [16] for a constant sloping beach shows that no significant differences are present in the cross-shore edge wave pr
The comparison has been performed considering beaches characterized by the same slopeβ (β = 0.01) and edge waves wit
the same longshore wavenumber (k∗ = 2π/L∗

y = 1.29× 10−2 m−1). Moreover the vertical wall of the beach profile (1)
located at a cross section such thath∗

0 = 2 m. However significant differences are found in the dispersion relationship. In
for the selected wavenumber, the ratio between the frequency of the edge wave on the plane beach and that charac
edge wave on the beach profile described by (1) is equal to about 1.9.

Here the shallow water equations are considered in dimensionless form. By denoting withω∗ the angular frequency of th
dominant edge wave mode computed on the basis of the linear dispersion relationship described in the following (see

and withg∗ the gravitational acceleration, the horizontal lengths are scaled with
√

g∗h∗
0/ω∗, while the water depthh∗ and

the free surface elevationη∗ are scaled withh∗
0. Moreover the velocities are scaled with

√
g∗h∗

0 and the time with(ω∗)−1.

It can be easily verified that in the dimensionless problem the beach geometry is identified by the dimensionless p

xw = ω∗√
h∗

0/(β
√

g∗). Dropping the ‘∗’ to indicate dimensionless quantities, the conservative form of the governing equ

becomes:

Ut + Fx + Gy = S(U), (2)
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Fig. 3. Amplitude of the first free edge wave mode: — beach profile (1) (T ∗ ≈ 95 s); - - - beach profile with constant slope without a verti
wall (T ∗ ≈ 177 s). (k∗ = 1.29× 10−2 m−1, β = 0.01,h∗

0 = 2 m).

whereU = (φ,φu,φv) is the vector of the unknowns related to the conserved quantities mass andmomentum,F = (φu,φu2 +
1
2φ2, φuv) andG = (φv,φuv,φv2 + 1

2φ2) are the fluxes of these quantities andS = (0, φhx,φhy) is the source term due t
the beach slope. In the previous definitionsφ is equal toh + η, whereh andη are the dimensionless water depth and f
surface elevation respectively andu andv denote depth-averaged cross-shore and long-shore velocity components respe
Moreovert , x, y indicate time, cross-shore and long-shore coordinates respectively and a subindex denotes partial d
(see Fig. 2).

The numerical scheme presently used to determine the solution of (2) is a high resolution conservative method
the solution of local Riemann problems. The method has been originally developed by Toro [23] and it is known un
name of ‘weighted average flux method’ (WAF). Comparisons performed with the Lax–Wendroff scheme have sho
the WAF method is particularly efficient and requires a smaller number of collocation points to provide accurate results [3
Moreover the adopted numerical scheme is particularly effective in reproducing the steepening of the waves and the
of discontinuities (bores) without the need for a special tracking algorithm.

Presently a two-dimensional version of the method is applied. In the following only the main aspects of the meth
be described. For details the reader is referred to Toro [23,35], Watson et al. [36] and Galletta [34]. First, following W
al. [36], the problem is reformulated to incorporate the source termS(U) into the flux terms (F andG). This is obtained by
observing that the set of Eqs. (2) in the accelerating reference frame

ζ = x − 1

2
ghxt2, χ = y − 1

2
ghyt2, τ = t (3)

becomes
 φ̂

φ̂û

φ̂v̂




τ

+



φ̂û

φ̂û2 + 1
2φ̂2g

φ̂ûv̂




ζ

+

 φ̂v̂

φ̂ûv̂

φ̂v̂2 + 1
2φ̂2g




χ

=

0

0

0


 (4)

or with a compact notation

Ûτ + F̂ζ + Ĝχ = 0, (5)

where

φ̂ = φ, û = u − ghxt, v̂ = v − ghyt. (6)

Then, from the knowledge of the solution̂Un
ij at timetn = n
t and in the point(ζi ,χj ) (ζi = i
ζ,χj = j
χ), the value

of Ûn+1
ij is obtained using a space-operator splitting [35], whereby the two-dimensional problem is reduced to a seq
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Ũi,j = Ûn
i,j + 
t


ζ

[
F̂n+1/2

i−1/2,j
− F̂n+1/2

i+1/2,j

]
, (7)

Ûn+1
i,j = Ũi,j + 
t


χ

[
Ĝn+1/2

i,j−1/2 − Ĝn+1/2
i,j+1/2

]
. (8)

The intermediate fluxes at each cell midpointF̂n+1/2
i−1/2,j

, F̂n+1/2
i+1/2,j

, Ĝn+1/2
i,j+1/2 andĜn+1/2

i,j−1/2 are estimated on the basis of t
solution of an initial value Riemann problem by means of the approximate ‘two rarefaction solver’. For the sake of bre
explicit relationships providing the fluxes are not given. The interested reader can find details in Toro [35], where an ex
description of the approach is also given. To eliminate spurious oscillations, an adjustment is made to the fluxes,
approach known as Total Variation Diminishing (TVD) with the flux limiter SUPERAA [35] to reweight the average.

The inclusion of the source termS into the flux terms (F andG) is made to avoid first order errors commonly encounte
when using simple time-operator splitting in the treatment of the source termS(U). The numerical approach is thus characteri
by errors of order(
ζ)2, (
χ)2. The equations are solved in a domain the width of which isLy in the longshore direction
and which extends fromx = 0 to a cross-shore section locatedLx far away in the seaward direction. Periodicity is enforc
in the longshore direction. By changing the initial conditions, thisboundary condition allows to describe both propagatin
and standing edge waves. At the offshore boundary (x = Lx ), a transmissive boundary condition is applied which acts as
“transparent” boundary which allows waves to pass through (see Toro [37]). This is implemented introducing two “fictitious”
points ati = M + 1,M + 2 (M is the number of grid points in thex-direction) and forcing

(φ̂, û, v̂)M+1 = (φ̂, û, v̂)M,

(φ̂, û, v̂)M+2 = (φ̂, û, v̂)M−1.

At x = 0, a reflective boundary condition, which forces the normal velocity to vanish, is applied.The implementation of the
reflective boundary condition requires the introduction of two fictitious points ati = 0,−1 where it is forced:

(φ̂, û, v̂)0 = (φ̂,−û, v̂)1,

(φ̂, û, v̂)−1 = (φ̂,−û, v̂)2.

3. Discussion of the results

A first set of results has been obtained in dimensionless form considering the model beach (1) characterized byxw = 11.58,
a value of the parameterxw which has been chosen on the basis of the analysis of many field data sets and by con
edge wave periods of the order of minutes. At the beginning of the numerical simulation, a surface elevation period
long-shore direction has been introduced. Blondeaux et al. [18] showed that, if onestanding edge wave of small amplitude
considered, the free surface profile is described by

η(x, y, t) = Ae−k(xw+x)U
(
d,1,2k(x + xw)

)
ei(ky+ωt) + c.c., (9)

whereA is related to the amplitude of the edge wave. The longshore wavenumberk is obtained, oncexw andω are fixed, by
the eigenrelationship

U(d,1,2kxw) + 2dU(d + 1,2,2kxw) = 0 (10)

with

d = 1

2
− ω2xw

2k
.

In (9) and (10)U is the Kummer function [38]. Eq. (10) is satisfied by more than one couple(k,ω). Therefore, more edge wav
modes are possible for a specified value ofxw . In the following, for a given value ofω, k denotes the value of the wavenumb
of the edge wave mode characterized by the largest wavelength. It is worth pointing out that, because of the chosen t
the dimensionless frequency of the first (dominant) mode turns out to be equal to one (i.e.ω = 1).

The initial edge wave has been chosen to be the first mode and its dimensionless longshore wavelengthLy is fixed by the
dispersion relationship (10). Forxw = 11.58,Ly turns out to be equal to 6.97. Also the cross-shore decay of the initial surfa
elevation has been fixed by means of the analytical solution by Blondeaux et al. [18]. Since standing edge waves
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Fig. 4. Time evolution of the free surface displacement atx = 0.31 andy = 3.49 for an initial perturbation characterized byLy = 6.97,
a = 1.8× 10−3 (xw = 11.58).

observed both on pocket beaches and on infinitely long straight coasts, in the numerical simulations the initial velocity field
forced to be zero. The forcing of an initial nonvanishing flow field would have produced propagating edge waves [18,15].

The computational domain has been chosen with a longshore size equal to the edge wave wavelength. As alrea
out, periodic boundary conditions are forced in they-direction. Atx = 0 the cross-shore velocityu is forced to vanish (reflective
boundary condition). Moreover in the cross-shore direction, the sizeLx of the computational box has been chosen in such a
that no significant motion is present at the seaward boundary (Lx = 15.44 ) and the boundarycondition applied there does no
affect the solution. The number of grid points has been fixed on the basis of a series of preliminary runs to ensure the
of the results. In particular 2000 and 129 grid points have been used in the cross-shore and long-shore directions re
The size of the numerical time step has been varied, while computing the solution, by fixing the maximum value of the
number equal to 0.8.

To gain a deeper understanding on the effects of nonlinear terms on edge wave time evolution, the flow field provid
numerical simulation has been decomposed into Fourier harmonic components in the longshore direction by means o
algorithm:

(η,u, v) =
+∞∑

n=−∞

(
η(n)(x, t), u(n)(x, t), v(n)(x, t)

)
ein(2π/Ly)y. (11)

In (11) η(0), u(0) andv(0) describe the values of the free surface elevation and of the two velocity components aver
the longshore direction, whileη(1), u(1) andv(1) describe the harmonics characterized by the same longshore wavelen
the initial perturbation. The reader should note that, because of the initial conditions, in the present simulationsη(n), u(n), v(n)

turn out to have a vanishing imaginary part.
The analytical solution of the linearized problem for edge waves on the model beach (1) allows a comparison bet

numerical simulations and the theoretical results when nonlinear effects are small, i.e. for small (strictly “infinitesimal”)
of the parametera, which gives a measure of the relevance of nonlinear effects. This comparison allows both a validatio
numerical code and an evaluation of the range of validity of the linear regime.

The parametera already introduced in Section 1, is defined as the ratio betweena∗, which is the amplitude of the initia
edge wave, and the undisturbed water depthh∗

0 both evaluated atx = 0. For small values ofa (a less than about 10−3) only
the harmonics characterized byn = ±1 in (11) attain significant values, even if longshore averaged and second har
components (n = 0,±2) are found but with an amplitude which is many orders of magnitude smaller than that characterizi
the basic harmonic component (n = ±1). Fig. 4, where the free surface elevation at a fixed position near the shore is p
versus time fora equal to 1.8× 10−3, shows that, as expected, the free surface experiences periodic oscillations of periπ .

Even if nonlinear effects are so weak as to be considered negligible from a practical point of view, they are present and
reproduced by the numerical solution. Indeed an aspect of nonlinearity, which can be easily guessed on the basis of
considerations and it is reproduced by the numerical solution, is the presence of a two-dimensional wave which trav
offshore direction [3] and drains energy from the coastal region. As a consequence, the energy of the waves trappe
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Fig. 5. Time evolution of a free surface perturbation initially periodic in the longshore direction and characterized byLy = 6.97,a = 1.7×10−3

(xw = 11.58). In the figure both the numerical and the analytical results of the linearized problem are shown at different times (— n
solution, - - - analytical solution).

the coast decreases and the amplitude of the edge wave becomes smaller. Indeed a closer inspection of Fig. 4 sho
decay of the edge wave amplitude which is related to a small leak of energy related to the presence of the 2-D wav
propagates toward the deep water region. Tests have been made to ascertain that the amplitude decay shown in
physical phenomenon and not a numerical effect. Indeed the results shown in Fig. 4 are independent on the grid size
step. A quantitative comparison between the theoretical solution by Blondeaux et al.[18] and the present numerical results
shown in Fig. 5, where the cross-shore structure of the edge wave profile at the antinode located atz = 0 is plotted at different
phases of the cycle. The comparison shows that (9) provides a good description of the solution for very small values oa.

As a is increased, nonlinear effects becomemore relevant and the functions used to build up the initial conditions do
satisfy the equations. Therefore an initial transient has been discarded in the analysis of the results.

3.1. Weakly nonlinear regime

For moderate values of the parametera, more harmonic components are generated due to nonlinear effects. The pr
of harmonic components of smaller wavelength is apparent looking at the results of a run carried out witha = 0.017, a value
which is one order of magnitude larger than that characteristic of the linear regime.

The time evolution of the first three longshore harmonic components defined by (11) is shown in Fig. 6. It can be o
that the amplitude of the first harmonic does not appear to decay significantly. Indeed the amplitude of the outgoing
still very small. Nevertheless nonlinear effects are not negligible andnonlinearity causes the appearance of significant highe
harmonics in the flow field. Moreover a peculiar time evolution of the amplitude of the first two ultraharmonic compon
observed. Indeed after an initial transient, a modulation of their amplitude appears. The modulation is the result of a resona
interaction between different edge wave modes. Indeed, in the following, it is shown that the modulation of the fi
components can be predicted also on the basis of a weakly nonlinear analysis.

The solution of the governing equations (2) in the weakly nonlinear regime can be expressed by the following pert
expansion based on the small parametera:

(η,u, v) = a(η0, u0, v0) + a2(η1, u1, v1) + O
(
a3)

, (12)

where the symbol ‘O’ denotes order of magnitude. By substituting (12) into (2), a sequence of problems is obtaine
determine the flow field at the different orders of approximation. At O(a) the linearized problem is found:

∂η0

∂t
+ ∂[u0h]

∂x
+ ∂[v0h]

∂y
= 0,

∂u0

∂t
+ ∂η0

∂x
= 0,
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by the
Fig. 6. η(n) at x = 0 versus time for an initial perturbation periodic in the longshore direction characterized byLy = 6.97, a = 0.017
(xw = 11.58); (a)η(1), (b) η(2), (c) η(3) .

∂v0

∂t
+ ∂η0

∂y
= 0. (13)

The solution of which is provided by (9). Let us consider the time evolution of an initial surface elevation obtained
superposition of four different edge wave modes:

η0(x, z, t, τ ) = A1(τ)η̂01(x)exp
[
i(k1z + t)

] + A1(τ)η̂01(x)exp
[
i(k1z − t)

]
+ A2(τ)η̂02(x)exp

[
i(k2z + ω2t)

] + A2(τ)η̂02(x)exp
[
i(k2z − ω2t)

] + c.c. (14)
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Fig. 7. First (η(1)) and second (η(2)) edge wave components atx = 0 versus time forxw = 3 and an initial perturbation characterized
a0 = 0.044,k1 = 0.7633. Results of the model equation (18) (a), (c) and numerical simulations of the full shallow water equations (2) (b), (d

where c.c. denotes complex conjugate andτ = at is a slow time scale characteristic of the growth of the edge waves amplit
The first component is the fundamental edge wave mode with a period equal to 2π and wavenumber obtained by (10). T
second component describes an edge wave with the same characteristics as those of the first one, but traveling in the oppo
direction. We assume that the wavenumber of the third and fourth components is related to that of the first one by:

k2 = 2k1. (15)

The dispersion relationship (10) gives the value of the angular frequencyσ2. It can be easily checked that it is feasible to assu

ω2 = 2+ aµ, (16)

whereµ is a detuning parameter. The problem at order O(a2) turns out to be:

∂η1

∂t
+ ∂[hu1]

∂x
+ ∂[hv1]

∂y
= −∂[u0η0]

∂x
− ∂[v0η0]

∂y
− ∂η0

∂τ
,

∂u1

∂t
+ ∂η1

∂x
= −u0

∂u0

∂x
− v0

∂u0

∂y
− ∂u0

∂τ
,

∂v1

∂t
+ ∂η1

∂y
= −u0

∂v0

∂x
− v0

∂v0

∂y
− ∂v0

∂τ
. (17)

The homogeneous part of (17) is the same as (13) and admits a non-trivial solution. Moreover the forcing term
right-hand side of (17) reproduce the spatial and temporal structure of the solution of the homogeneous problem b
(15) and (16). Hence, to avoid a secular growth of the solution, it is necessary to force a solvability condition (described
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Fig. 8.η(n) at x = 0 versus time for an initial perturbation periodic in the longshore direction characterized byLy = 6.97,a0 = 0.17; (a)η(1) ,

(b) η(2), (c) η(3), (d) η(4).

more extensively in the Appendix) which leads to a system of differential equations describing the time evolution oA1(τ)

andA2(τ):

a0
dA1

dτ
+ a1A2A1 eiµτ = 0,

b0
dA2

dτ
+ b1A2

1 e−iµτ = 0. (18)

In (18) an overbar denotes the complex conjugate of a complex quantity.
The form of the coefficientsa0, b0, a1 andb1, which depend on the beach parameterxw , is given in the Appendix. The

system of ordinary differential equations (18) is presently solved numerically by means of a Runge–Kutta approac
second order.

Fig. 7 shows the typical time evolution ofA1 and A2 obtained by both the integration of (18) and by the numer
simulation of the full shallow water equations (2). The agreement between the theoretical and numerical results is fair. In
modulation of the second harmonic component, obtained by means of the theoretical analysis, takes place with the sa
as that of the numerical simulations and with similar amplitudes. Moreover, the amplitude of the first harmonic com
keeps almost constant, even though the numerical solution is characterized by small oscillations which appear to be random
These oscillations are due to the presence of many harmonic components which are generated inthe fully nonlinear solution and
interact in a complex way. A theoretical investigation of the nonlinear interaction of different edge wave components s
that developed in the present paper has been proposed by Blondeaux and Vittori [27] for a constant sloping beach. They showe
that the different longshore components exchange energy with each other on a time scale which is much longer than
wave period and modulations ofη(2) andη(3) are expected to take place forced by an incoming wave. However in Blond
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Fig. 9. Time evolution of a free surface perturbation initially periodic in the longshore direction and characterized byLy = 6.97,a = 1.7×10−1

(xw = 11.58): (a)t = 31.42, (b)t = 32.27, (c)t = 33.12, (d)t = 33.97.

and Vittori [27] the amplitude of the different harmonics grows because the wave which approaches the coastline from
water region provides an energy input to the whole system.

It has been possible to integrate the system (18) numerically only for beaches characterized by moderate values ofxw due to
the difficulties encountered to compute the Kummer functionU appearing in (9) whenxw assumes large values. A series of ru
performed varying the non-dimensional parameters and the initial conditions has shownthat the frequency of the modulation
the amplitude ofA1 andA2 is linearly related to the detuning parameterµ. As the parameterxw is increased, the period of th
modulation of bothA1 andA2 and the amplitude of the modulation of the second component increases while that ofA1 does
not show a distinct tendency.

3.2. Fully nonlinear regime

The resonance phenomenon previously described disappears asa is increased, since for larger values ofa many harmonics
are generated by nonlinear effects and interact in a complex way. An example of the results obtained fora = 0.17 is shown
in Fig. 8, where the values ofη(n) are plotted versus time forn =1, 2, 3 and 4. From the results plotted in Fig. 8, it can
appreciated that the decay in time of the first componentη(1) takes place quite rapidly. This decay can be partly ascribed to
generation of a two-dimensional outgoing wave which causes the radiation of energy toward the deep water region t
significant (see Fig. 13). A further mechanism which can cause a drain of the edge wave energy is the formation o
front (bore) which induces energy dissipation. Fig. 8 shows that after 5 periods, the amplitude of the first compone
edge wave is reduced of approximately 40%. Hence, edge waves of large amplitude cannot survive without a continuo
of energy. As clearly discussed in thebook of Mei [3], edge waves of constant amplitude can exist only when a 2-D wav
approaching the coastline from the deep water region, transfers energy to them. Ultraharmonic componentsη(n) (n > 1), after
an initial transient, slowly decay because the energy of the whole system decreases. It has been observed that at the
simulation (t = 5T ), η(2) attains a value which is approximately 30% of the initial amplitude of the disturbance. The har
components with smaller longshore wavelength have amplitudes of the same order of magnitude (the 6th component attains
value which is approximately 10% of the amplitude of initial disturbance) thus indicating the relevance of nonlinear effects.
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Fig. 10. Time evolution of a free surface perturbation characterized byLy = 6.97, a0 = 1.7 × 10−1 (xw = 11.58). First column, free surfac
gradient; second column, cross-shore velocity; third column, long-shore velocity. A cross-shore extent equal to 15.44 is displayed in
horizontal axis while the longshore extent is equal to 6.97 and displayed in the vertical axis. Shaded regions are characterized by pos
values. (a1) max= 8.203, min= 0.432,
 = 0.389; (a2) max= 8.203, min= 0.432,
 = 0.389; (a3) max= 8.203, min= 0.432,
 = 0.389;
(a4) max= 8.203, min= 0.432, 
 = 0.389; (b1) max= 0.018, min= −0.006, 
 = 0.001; (b2) max= 0.024, min= −0.017, 
 = 0.002;
(b3) max= 0.052, min= −0.019,
 = 0.004; (b4) max= 0.022, min= −0.013,
 = 0.002; (c1) max= 0.129, min= −0.129,
 = 0.011;
(c2) max= 0.184, min= −0.184,
 = 0.017; (c3) max= 0.221, min= −0.221,
 = 0.020; (c4) max= 0.100, min= −0.100,
 = 0.009.

The relevance of nonlinear effects is also revealed by the inspection of the longshore edge wave profile which is n
symmetric with respect to the mean water level. In particular, each of the two edge waves, propagating in opposite d
and giving rise to the steady edge wave, shows a front slope steeper than the rear one. As a consequence the pres
two components propagating in opposite directions becomes evident and large surface gradients are observed clo
crests as clearly shown by Fig. 9. The propagating crests causethe formation of jets in the cross-shore direction as can
appreciated by looking at Fig. 10. The velocity field associated with the propagating crests shows the presence of r
strong negative cross-shore velocity close to the wave fronts (see the second column of Fig. 10). These regions f
fronts and, hence, propagate in opposite longshore directions. When the two fronts reach the center of the domain
a shore-ward jet of water is generated (see Fig. 10, b3). In the third column of Fig. 10 the longshore velocity is plot
v component of velocity is positive behind the crest propagating in the positive direction and vice versa, to balance
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Fig. 12. Dimensionless edge waves frequency versusa for an initial perturbation characterized byLy = 6.97 (xw = 11.58).

flux associated to the propagation of the crests. Fig. 10 shows the time evolution of the solution during half edge wa
the same pattern is repeated during the following half of the cycle but shifted in the longshore direction of half the ed
length. Therefore shore-ward currents appear everyT/2 alternatively aty = Ly/2,3Ly/2,5Ly/2, . . . , andy = 0,Ly,2Ly, . . . .

A similar conclusion is obtained by considering the time averaged velocity field. Fig. 11 shows the long-shore and cro
velocity components averaged fromt = 2T to t = 2T + T/2 for values of the parameters equal to those leading to the re
shown in Fig. 10. The results show that the averaged fluid motion is characterized by a shore-ward current in the mid
computational box and by sea-ward currents along the sides. The longshore velocity component is directed from the s
center of the fluid domain. Qualitatively similar results are obtained performing the time average during the following ha
from t = 2T + T/2 to t = 3T . However, the flow pattern is shifted ofLy/2 in the longshore direction and shore-ward direc
currents are present at the sides of the flow domain while the steady cross-shore velocity component is directed off-sh
center of the computational box. Moreover due to the radiation of energy in the off-shore direction, the edge wave d
the currents during the following half cycle are weaker.

Another interesting finding which comes from the analysis of the results for moderate and large values of the para

is the dependence of the free mode frequency on the edge wave amplitude. For a constant sloping beach, without t
wall, it is known that in the weakly nonlinear regime the linear dispersion relationship is modified by the presence o
proportional to the square of the edge wave amplitude [21]. Fig. 12 shows the frequency for the model beach (1) versa,
obtained by means of the numerical simulations. Surprisingly it can be seen that, even for large values ofa such that nonlinea
effects are found to be relevant and generate the presence of many harmonic components, the edge waves perio
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Fig. 13. Free surface elevation averaged in the long-shore direction versus the cross shore coordinate at two different phases, for an i
perturbation characterized bya0 = 0.17. (Ly = 6.97, xw = 11.58) − − − Set-down induced by free edge waves on a constant sloping b
according to the analysis by Guza and Bowen [21] (edge wave wavelength equal to that of the numerical computations).

Fig. 14. Time evolution of the free surface displacement atx = 0.31 andy = 3.49 for an initial perturbation characterized bya0 = 0.17
(Ly = 6.97,xw = 11.58) (solid line).
Envelope of the amplitude of the edge wave at the same location for a constant sloping beach without the vertical wall (Ly = 6.97,β = 10−2)
according to the analytical solution by [21] (broken line).

independent ona. Therefore it appears that even though the dynamics of the edge waves in the weakly and fully no
regimes is markedly different from that of the linear regime, the dispersion relationship appears to be practically un
For very small values ofa, the evaluation of the frequency becomes inaccurate with the number of grid points presentl
This is the cause of the scatter of the frequency which is observed in Fig. 12 asa tends to vanish.

Nonlinear effects are also known to generate a set-down close to the beach. Surprisingly, a comparison between t
results and those derived by the weakly nonlinear analytical analysis by Guza and Bowen [21] performed for a constant slop
beach (Eckart’s profile) characterized by the same value ofβ but without the vertical wall, has shown that the set-down
the two beaches is similar (see Fig. 13) notwithstanding the different beach geometry and the large nonlinear effects
wave damping is similar (see Fig. 14). Indeed in the weakly nonlinear regime for a constant sloping beach without
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nonlinear effects, which causes sharp peaks in the time evolution of surface elevation at a particular location, makes
estimation of the decay difficult. However the trend of the wave amplitude envelope appears similar to that predicted
and Bowen [21] (see Fig. 14).

4. Conclusions

The shallow water equations are solved numerically by means of the WAF method on a model beach suitable to describe l
scale motions in the region offshore of the breakers’ line. Attention is focused on the free edge wave modes with perio
order of minutes or longer. The aim of the paper is to determine when nonlinear effects become relevant and to investig
the interaction among different harmonic components may lead to complex wavefield and to the generation of stead
patterns difficult to predict by analytical means. A comparison between numerical findings and linear and weakly n
analytical solutions is presented.

Three regimes have been identified depending on the value of the nonlinearity parametera which is equal to the ratio
between the edge wave amplitude and the water depth at the positionx = 0. In the linear regime, observed for very small valu
of a, nonlinear effects are very weak and can thus be neglected. For moderate values ofa, nonlinear effects cause the generat
of significant higher harmonic components and they induce a resonance phenomenon between the different components w
causes a modulation in time of their amplitude. In thefully nonlinear regime, observed for large values ofa, many harmonic
components are present which interact ina complex way. Moreover, intermittent currents directed in the cross-shore directi
have been observed.

For convenience, the results are presented and discussed in dimensionless form. To give an idea of the practica
of the present computations, let us consider dimensional quantities. For an edge wave of period equal to 2 minutes o
beach (1) characterized byh∗

0 equal to about 2 meters andβ = 2× 10−3, on the basis of the present results, it can be stated

the linear regime applies to edge waves characterized by amplitudes of the order of 10−3 meters, the weakly nonlinear regim
to edge waves of amplitude of few centimeters while the solution of the full problem should be considered when the ed
amplitude becomes larger than 10 centimeters.

As discussed in the introduction, edgewave amplitudes of the order of 10−1 m might appear to be unrealistic, since fie
measurements (see a.o. Oltman-Shay and Guza [19]) seem to suggest values of order 10−2 m. However, it should be considere
that field measurements are usually carried out for mild wave climate and in open coasts. Edge waves generated by m
wave climate and in particular during storms are expected to be significantly larger. Moreover in pocket beaches, r
phenomena can induce even larger edge wave amplitudes.

The qualitative differences observed between the linear, weakly nonlinear and fully nonlinear regimes suggest that cauti
must be used to apply the results obtained by means of linear and weakly nonlinear analytical approaches to describe
characterized by large amplitudes, since nonlinear effects might be relevant and some aspects of the phenomenon m
captured.

Appendix

At O(a2), the governing equations (17) can be combined to obtain a single equation forη1:

∂2η1

∂t2
− ∂

∂x

[
h

∂η1

∂x

]
− ∂

∂y

[
h

∂η1

∂y

]
= F, (A1)

where

F = −2
∂η0

∂t∂τ
+ 1

xw

[
u0

∂u0

∂x
+ v0

∂u0

∂y

]
+ h

[(
∂u0

∂x

)2
+ u0

∂2u0

∂x2
+ ∂v0

∂x

∂u0

∂y
+ v0

∂2u0

∂x∂y
+ ∂u0

∂y

∂v0

∂x
+ u0

∂2v0

∂x∂y

+
(

∂v0

∂y

)2
+ v0

∂2v0

∂y2

]
− ∂

∂t∂x
(u0η0) − ∂

∂t∂y
(v0η0). (A2)

After substituting the solutionη0, u0 andv0 of the problem at the previous order of approximation,F can be expressed i
the form:

F =
[
f1(x)

dA1

dτ
+ f2(x)eiµτ A2A1

]
ei(k1y+t ) +

[
g1(x)

dA2

dτ
+ g2(x)e−iµτ A2

1

]
ei(k2y+ω2t ) + · · · , (A3)
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wheref1, f2, g1 andg2 are long expressions which can be easily worked out and are not given here for the sake of brevity. The
1)

2)

357.

gs

2001).
76,

i,

oc.

and

st.

lane

roc.
terms not explicitly indicated in (A3) are not relevant to writethe solvability condition. Since the homogeneous part of Eq. (A
admits a nontrivial solution, Eq. (A1) has a bounded solution if and only if a solvability condition is enforced which leads to

a0
dA1

dτ
+ a1 eiµτ A2A1 = 0,

b0
dA1

dτ
+ b1 e−iµτ A2

1 = 0, (A4)

where

a0 =
∞∫

xw

f1(x)η̂01(x)dx, a1 =
∞∫

xw

f2(x)η̂01(x)dx,

b0 =
∞∫

xw

g1(x)η̂02(x)dx, b1 =
∞∫

xw

g2(x)η̂02(x)dx. (A5)
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